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2 J.E. HERNANDEZ — M. VIVAS-CORTEZ

Abstract

In the present work, it is obtained some results concerning the integral
inequality of Hermite-Hadamard, and others related to it, using n—convex
functions and the fractional integral operator defined by R.K. Raina.

Keywords: Hermite-Hadamard inequality; n—convex functions; fractional
integral operator.

Resumen

En el presente trabajo se encuentran resultados concernientes a la
desigualdad integral de Hermite-Hadamard, y otras relacionadas con esta,
usando funciones n—convexas y el operador integral fraccional definido
por R.K. Raina.

Palabras clave: desigualdad de Hermite-Hadamard; funciones n—convexas;
operadores integrales fraccionarios.

Mathematics Subject Classification: 26D 10, 26A33, 26A51.

1 Introduction

It is well known that modern analysis, directly or indirectly, involves the appli-
cations of convexity. Due to its use and significant importance, the concept of
convexity has been extended and generalized in several directions. The concept
of convexity and its variant forms have played a fundamental role in the develop-
ment of various fields. Convex functions are powerful tools for proving a large
class of inequalities. They provide an elegant and unified treatment of the most
important classical inequalities. In [5], M.E. Gordji et al. introduced the notion
of n—convex functions as generalization of ordinary convex functions. There
are many results associated with convex functions in the area of inequalities,
one of them is the Hermite-Hadamard inequality (1), which occurs widely in the
mathematical literature.
In [7], J. Hadamard stated his famous inequality in this way.

Theorem 1. Let f be a convex function over [a,b],a < b. If f is integrable over
[a,b] , then

f(a;b)sbia/abf(“)d“W' @
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HERMITE-HADAMARD INEQUALITIES TYPE FOR RAINA’S. .. 3

Many others researchers have worked with this inequality using other gen-
eralizations of convexity, obtaining no less important results, as we can see in
[2, 3,4, 10, 11].

The inequalities involving more general fractional integral operators have
also been considered in [1, 8, 12, 13]. Since work in this direction has gained
much attention, we attempt to establish a general formulation in this article such
that the essential facts covered by different fractional integrals become more
clear and the implications yield certain new inequalities.

In particular, motivated by the work of M.A. Khan, Y. Khurshid and T. Ali
in [9], this work contains some generalizations about the Hermite-Hadamard
inequalities type in the context of n— convex functions and fractional integral
operator.

2 Preliminaries
This section contains some basic definitions, as well as some results that will be

necessary for the development of the present work. The classical definition of
convex function follows:

Definition 1. Let f : I — R be a function defined over of the non-empty interval
I C R. The function f is said to be convex on I if the inequality

fltr+ (1 =t)y) <tf(x)+(1-t)f(y),
holds for any x,y € I and t € [0, 1].

As a generalization of the definition of convexity, introduced in [5], we have
the following.

Definition 2. The function f : [a,b] — R is said to be n—convex function (or
convex respect to 1)) on |a, b if the inequality

flte+ (1 =t)y) < fly) +tn(f(x), f(y)),

holds for any z,y € I and t € [0,1], and n is defined by
n: f([a,0]) x f([a,b]) = R.
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4 J.E. HERNANDEZ — M. VIVAS-CORTEZ

Note that when we choose 7(z,y) = x — y then we are dealing with the
classic convex functions. The following is a example of this type of functions;
this, and others can be found in [5]:

Example 2.1. Let f : R — R be a function defined by

f(a:):{ —T sz:mZO,

T six <0,

and define a bifunction n as n(x,y) = —x — y, forall x,y € (—o0,0]. Then, f
is a n—convex function but is not convex.

There are some important properties and results about n—convexity in [5]
and [6].

Also in [5], the authors proved some important results but here we give only
one of them in the following theorem based on the above definition, which is
also known as n—convex version of the Hermite-Hadamard inequality.

Theorem 2. Suppose that f : [a,b] — R is a n—convex function such that is
bounded above on f ([a,b]) x f (|a,b]). Then the following inequalities holds

(5 -5 < @
< %(f( o >>+i<n<f<a>,f<b>>+n<f<b>,f<a>>
< S U@+ fm) + 3

Another important aspect for the development of this work is the following.
In [12], R.K. Raina introduced a class of functions defined formally by

> o(k

Fo() = Fo oW (g) = ;;) F(pli—i)-)\)xk’ 3)
where p, A > 0, |z| < R, (Ris the set of real numbers), o = (o(1),...,0(k),...)
is a bounded sequence of positive real numbers. Note that if we
take in 3) p = 1, X = 0 and o(k) = (V)(B)r)/(7)k for
k=0,1,2,...,where o, 8 and -y are parameters which can take arbitrary real or
complex values (provided that v # 0, —1, —2,...), and the symbol (a); denote
the quantity

I'(a+ k)

(a)k = ') =a(a+1)...(a+k—-1), k=0,1,...,
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and restrict its domain to |x| < 1 (with z € C), then we have the classical
Hypergeometric Function, that is

) - o) S @O
p,)\(x)_F( v:Ba’Ya ) kZ:O (V)kk' :

Using (3), in [1], R.P. Agarwal, M-J Luo, and R.K. Raina, defined the follow-
ing left-sided and right-sided fractional integral operators respectively, as follows

(Toratw®) () = /I (w =) Foy [w(z =t p(t)dt, (x> a), @)

and

b
(Torb—u®) (fv)Z/ (t =) Foa[w(t — )] p(t)dt, (z<b), (5)

where A, p > 0, w € R and ¢ is such that the integral on the right side exists.
It is easy to verify that j;A,aJr;wgp and jpﬁ’bﬁwap are bounded integral op-
erators on Ly(a,b), (1 < p < 00), if
M= F7 i1 [w(b —a)’] < oo.
In fact, for ¢ € L, ((a,b)) we have

Hjo,-)\,a—l-;w@Hp < Mm HSOHIN

and
Hjo,./\,b—;wgpup <M H(p”pa

el = { | b oy ) "

The importance of these operators stems indeed from their generality. Many
useful fractional integral operators can be obtained by specializing the coefficient
o(k). Here, we just point out that the classical Riemann-Liouville fractional
integrals I, and I;* of order a.

where

(12 o) (z) = F(la) /j (z —t)* L o(t)dt, (x >a,a >0),

and

1

(I5-) (x) = ()

= /b (t—2)* L o®)dt,  (z<ba>0),

follow from (4) and (5) setting A = o, 0(0) = 1 and w = 0.
The following Lemma is in [13, 14].
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6 J.E. HERNANDEZ — M. VIVAS-CORTEZ

Lemma 1. Let \,p > 0,w € R, and o a sequence of non-negatives real num-
bers. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b and
A > 0. If f/ € Ly ([a,b]) then the following equality for fractional integral
operator holds

fla)+f(b) 1 ) ] a
2 2= o —ap] el O F (Tl (0)

= (b — a) l g P P gt

- 2F7 11 [w(b— a)e] UO (1- t)A F oA+t [w(b— a)” (1 —t)°]f'(ta + (1 — t)b)dt

—/0 AT s [w(b— a)?t?] £ (ta+ (1 = t)b)dt | .

3 Main results

Theorem 3. Let A\, p > 0,w € R, and o a sequence of non-negatives real num-
bers.  Let f : J[a,b] — R be a m—convex function such that
n : f(la,b]) x f([a,b]) — R is upper bounded by M,, then the following

inequalities holds

(G—Fb) (( P\ a+;w ) ( PsA,b— wf) (a))
f — My < (6)
2 2(b—a)* Fpy [w(b— a)]
L P+ 1) ((f(a). f) + 1 (f(), f(a)) Foare w(b —a)f]
a 2 2 ]:p,/\+1 [w(b — a)’]
(f(a) + £ (b)) Foape [wb —a)’]
= 2 +M’7f;m [w(b—a)?]’
where o1(k) = o(k)(kp+ \), forall k =0,1,2,...
Proof. From inequality (2) in Theorem 2, it is deduced that
P(E) M S0 -

Letz =ta+ (1 —t)bandy = (1 — t)a + tb . Then (7) can be written as

2~ 2 27

f<a—2|—b> My _ fta+ (1 =8)b) + f (1= t)at th) LM,
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and from this, is obtained that

2 (U50) = My < F(tat (L= 0) + (1= O+ 10) + 1y

Multiplying by t/\_l}"p”/\ [w(b — a)”t’] in both sides of (8)

2
< OTEI [w(b = a)?t?] f (ta+ (1 —t)b)
+t’\_1f;)\ [w(b—a)’t’] f ((1 —t)a +tb) + Mnt’\_l}';/\ [w(b— a)lt’].

(Qf (“ i b) - M,7> PLFT (b — a)Pt]

Integrating over ¢ € [0, 1]

(27 (“57) - 1,) Foaa oo - )

1
< / PLES [w(b— a)t?)] f (ta+ (1 — 6)b) dt
0

1
+/ ATLFT ) [w(b — a)?t?] f (1 — t)a + tb) dt
0
+MyF7 si1 [w(b—a)’]. €))

With a convenient change of variables it can be observed that

/1 ATIFT\ w(b — a)’t?] f (ta + (1 — t)b) dt
0

“ita [ (50) oo (=) e
1 b A-1

- [ E - s

_ (b_la)A (T asraf) ®)
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8 J.E. HERNANDEZ — M. VIVAS-CORTEZ

and

/1 ATTFT Tw(b — a)?t?] £ ((1— t)a + th) dt

0
B bia/ab (Z:Z)H pA [w(b—a)”@:fj)p] f(x)de
= (b_la)x/ab (- a)*! Foslw (x —a)’] f(x)dx
1

TP (TS A p—wf) (@)

Making the substitution of these values in (9), is obtained that

(27 (“57) - 1,) Fona oo - )

a)_lay (Torarawf) O+ (Tonp-wd) (@) + My Fo s [w0b = 0))

that is,

atb ((Trart) O+ (Tgnsut) (@)
/ < 2 > — M= 2(b—a)* Fg, . [w(b — a)]

and this is the left side of the inequality (6).
To find the right side of (6), the Definition 2 of n—convexity of f is used to
establish the following inequalities:

f(ta+ (1 —1)b)
fF((1—t)a+1tdb)

f(0) +tn (f(a), £(b)),
fa) +tn (f(b), f(a)) .

Multiplying by tA_l]-"g’ ) [w(b —a)Pt’] in both sides of each inequalities, is
obtained

<
<

L [w(b— a)?t?] f (ta + (1 —t)b)
< (fO) +tn(fla), f0)) 1 F \ Tw(b — )]
and
F (1= t)a+th) P 1FT [w(b — a)’t?)
< (f(a) +tn (f(b), f(a) X Fo\ [w(b — a)’t’].
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Adding the inequalities and integrating over ¢ € [0, 1] one has to

/01 ATIFT Tw(b — a)?t] (f (ta+ (1= 1)b) + f (1 — t)a + tb)) dt

1
< (f(a) + £(5)) / PLF (b — a)?1?] dt

+ (1 (f(a), FB) + 1 (F(D), () / PF (b — a)?1].

0

Therefore,

(Tonasit) O+ (Tnpmf ) (@)

2(b—a) FI, . [w(b— a)]
o F@+f0) | (n(f(a), £() +n (f(b), f(a)) Fpies (b = )t
- 2 2 Foaq1 [w( —a)] ’
where
o1(k) =o(k)(kp+ X).
The proof is complete. O
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10 J.E. HERNANDEZ — M. VIVAS-CORTEZ

With an application of Theorem 3 the Theorem 2.1 in [9] can be obtained.

Corollary 3.1. Let f : [a,b] — R be a n—convex function such that
n : f([a,b]) x f([a,b]) — R is upper bounded by M,, then the following
inequalities holds

H(42) - Do +1) ((Z2.6) (0) + (Z51) ()

2 2(b—a)”
L Jla+ ) | aln(fla), f0) +1(f0), f(a))
- 2 2(a+1)
U)oy

Proof. Making A = «, 0 = (1,0,0,...) and w = 0, it is gotten

- Re o(k) _ 1
pot [w(b — )] = ;:0 Tkp+A+1) T(a+1)
Foy oo —ay] =y ZOEEAD o

S T(kp+A+2) T(a+2)

and
(Tonatal) (@) = (T34 f) (2),
(Tpap—swf) (@) = (LLS) (@)

Making the substitution in (6) in Theorem 3, one has to

; <a+b> M < C(a+1) (Z2f) (0) + (T3 ) (a)

2 2(b—a)”
L F@+fO) | aln(f(a) f(b) +1(f(b), f(a)))
- 2 2(a+1)
(f(a) + f(b)) a
= 2 * (a+1) "
The proof is complete. 0

Remark 1. If f : [a,b] — R is a convex function, then the inequalities of
Corollary (3.1) can be written as

a+b\ _Tla+1) (T2 f) 0) + (T2 f) (a)
f< 2 >§ 2+(b—a)a : 2 ’
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with the substitution n(z,y) = v —y, A=, 0 = (1,0,0,...) and w = 0. This
make a coincidence with Theorem 1.4 in [9], and [13]. Also, doing o = 1, it is
obtained

((532) gt [ e = 193202

Theorem 4. Let f : [a,b] — R be a differentiable function on (a,b) with
a < b If |f'| is an n—convex function on la,b], then the following
inequalities for fractional integral operator holds

HOLIO) et —ay] (Foreesed) O+ (Frsmf) @)
(b0 Pl wl -] .
= 2;;)\+1 [w(bf )p} (2|f |(b)+77(|f }( ),|f |(b)))a

where

forallk=0,1,2,...
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12 J.E. HERNANDEZ — M. VIVAS-CORTEZ

Proof. Using the Lemma 1 and the n—convexity of | f’|, is obtained that

fla) + f(b) 1 o -
2 -y T = ay] (s ) OF (Faeed) ()
_ (b—a) - k(h_ a)ke ! — R (ta B
= 77 =] ;ka+/\+1) (b—a) /0(1 )P ' (ta + (1 — t)b)dt

1
w”(b— a)’“”/ t"A f (ta + (1 — £)b)dt
0

£ T(kp + /\ +1)

_ (b—a) = ok)
T 277, w(b—a)] §r<kp+x+1>w (b= a)™x

| (/1(1 — )k f (ta 4 (1 — t)b)dt — /1 R (ta + (1 — t)b)dt) ‘

0 0

(b—a) - o (k) k kp
S 2wl 2 T AT O

(/J
o (k)

<
=oF7 Hl[w( kzzor (pk+ A+ 1)

P,

1/2
(/ (= oyt = 7Y (| 0) + (| ] (@), ] ()

+/ (tkﬂ“—u ’“P“) (If'| +tn({f’|(a)7!f’|(b)))dt>
1/2

o]

(1 —t)FPtr — Pt (b (1 — t)b)dt)

w*(b — a)* x

w (b — a)* x

T 2F° >\+1[w —a) Z pk—i—A—i—l)

|f'] (b {/ ( £yRPA kp+>\) dt+//2 (tkﬂJr/\ —a —t)’“”“) dt}
+ 77(|f/} (a), |f/| (b)) {/01/2 ((1 B t)kp+)\ _ tkp+’\) vt
+/1/2 (tkp+>\ - t)kar)\) tdt}] .

It is easy to verify that

1/2 1
/ ((1 — t)PrHA — t’“f’“) dt = / (t’“’“ — (1 —t)ket A) dt
0 1/2

1— (%)kp-i-)\

kp+A+17
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and
1/2
/ / ((1—t)k"“—t’“’“) tdt = / tyke A t’“P““) dt
0
— / kp+>\du
kp+A+1
_1-(3) 1
kp+A+1  kp+A+2
1 1\ kp+2+2 1/2
/ (tkp+)\+1_t(1_t)kp+)\> g - 1—(2)_// (1 — )b
1/2 kp+ A+ 2 0
kp+A+1
(S )
kp+X+2 kp+A+1
Therefore
fla) + f(b) 1
- 7y arw]) 0)+ (T s f) (a
’ 7 = Fg =y (raarwd) @) (T f) (@)

b —a i o'(k) & &
= E w” (b —a)* x
T2 s [wb—a)) g T (pk+ A+ 1) (b-a)

o kptA (1 kp+X
<|f’| (b) (21@%2“) + (1] (a), £ (b)) (M)) :

‘f(a)+f() 1

finally

2 2(b — a)/\]:g/\_|r1 [w(b— a)r] (( pg,A.,a-s-;wf) (b) + (jpa,/\,b—;wf) (a))

(b—a) Fo5 o [w(b —a)]

T 2w —a)]

1 kp+A
oi(k)=0(k)|1- (2)
forall k =0,1,2,...

The proof is complete. 0

11 @) +n(1f] (a), [£1(0)))

where

With an application of Theorem 4, the Theorem 3.2 in [9] is obtained.
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14 J.E. HERNANDEZ — M. VIVAS-CORTEZ

Corollary 4.1. Let f : [a,b] — R be a differentiable function on (a,b) with
a < b. If | f'| is an n—convex function on [a, b] , then the following inequalities
for fractional integral holds

'f(a) 1) g(éa_z ){{ ((Z21f) ®) + (Z-f) (@)

(b—a)
~ 2(a+1)

<1 _ 21) 2] ®) + (/] @ £ ®)) -

Proof. An application of Theorem 4 with the following substitution: A = a,
o= (1,0,0,...) and w = 0, leads to

- 1

pA+1 [w(b—a)’] = m>

w0 = (2L

o1
d I'(a+2)’

PAF2

also

(T rarwl) (@) = (T8 F) (2),

(T pmwf) (@) = (T f) (2).

Making the substitution, is obtained that

IO D (@ 0+ @) )
(b—a)

= m f/’(b)))

(1= 3) €110+ a1 @),

The proof is complete. O
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Remark 2. If f : [a,b] — R is a convex function, then the inequalities of
Corollary (4.1) can be written as

’ f(a) : O g(éaja )13 (22 1) (6) + (T2 1) (@)

b—a ' /
<t (1-3) (1@ 17 0),

with the substitution n(z,y) = x —y, A = a, 0 = (1,0,0,...) and w = 0.
This make a coincidence with Theorem 1.5 in [9], and [13]. Also, doing o« = 1,
it is gotten

(b—a)

<
o 8

(17 (@) + || () -

f(a) + f(b) 1 ’
2 2(b—a)/a f(w)de

Theorem 5. Let f : [a,b] — R be a differentiable function on (a,b) with a < b.
If | f'|? is a n—convex function on [a,b], with ¢ = p/ (p+ 1) for some fixed
p > 1, then the following inequality for fractional integrals operator holds

a b 1 . e
'f( );f( - 2= P iy =] (o) O+ (Tnnmsef) ()
(b—a) ‘F511,A1+1 [w(b— a)”l/p}
< X
n ‘F,f,x+1 [w(b— a)*]
o) (@O (1 ®) L e (1 @, @)\
[(2+ pUEOD) T (G0, OO )

where p1 = pp, A1 = Ap and

2 _ (%) (kp+/\)p71

(kp+A)p+1

o1(k) = o(k)

)

forallk =0,1,2,...
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16 J.E. HERNANDEZ — M. VIVAS-CORTEZ

Proof. Using Lemma 1, the n—convexity of f and Holder inequality

’f(a) +f0) 1 ((

2 206 — ) FY s 1 [w(b — a)F] j”a’k"”;“’f) (b) + (jfik’bﬁ’wf) (a)>‘

(b—a) - o(k) k k
< 2FG y 11 [w(b —a)] Z F(kp+)\+1)w (b—a)k?x

1/2 » i/p 1/2 1/q
|:</ ((1_t)kp+)\_tkp+>\) dt) (/ (}f’|q(b)+t77 (|f’|q(a)7}f'|q(b)))dt)
0 0
1 » 1/p 1 ) / ) 1/q
+ </1/2 (£ — (1 = pket) dt) (/1/2 (11" @) +tn (|17 (@), [ £]7 (1)) dt)

(b—a)

_2.7-'p)\+1[w(b—a g kp—l—)\—i-l)

1/ 1/p 1/2
|:</ ((1 _ t)(kp-&-/\)p _ t(kp+A)p> dt> (/ (|f/|q (b) + tn (|f/|q (a), |f/|q (b))) clt)
0 0

wh (b — a)kP x

1/q

1 ( ) ( ) 1/p 1 1/aq
kp+XN)p _ _ kp+N)p 1149 /qa 1149
+</1/2(t R )dt> </1/2(|f| )+t (|£']° @)1 (b)))dt> }

/
< (b—a) i o (k) wh (b — )k M
T 277 wb—a)] f T(kp+ A+ 1) (kp+ N p+1

P
’ 4 (g 1/q ’ "4 (g / 1/q
(lf 1 (b) Lndf 1 (a), | '] ())) +<|f |;(b) L andlf \q(8),|f Iq(b)))

2 8

(b—a) oo e .
2]—'0)\+1 [w(b — a)r] kZ:O I( kp1 +/\1 T 1) [(b ) P] %
|f’|q( ) (|f’\‘1 (a),|f |Q( )) 1/q |f’|q (b) 377(‘f/|q (a),|f’\q (b)) 1/q
[( 5 5 ) ( S+ : ) ,
where
P1 = pPp, A1 - A,
and

1— (%)(kPJr/\)P 1/p
o1(k) =o(k) ((k‘PﬂL)\)P‘Fl> )

forall k =0,1,2,3,...
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Therefore,
a b o o
'f( S 2(b - a)kf,?,il ot —ay] (Tiressed) O F (Tned) (@)
(b= a) FJl s, 1 [wlb— ) /7]
< X
- T g [w(b — a)e]
e a0 @ @)\ (1816 s @ @) )
(150 2T TN (0 IO,
The proof is complete. O

Corollary 5.1. Let f : [a,b] — R be a differentiable function on (a,b) with
a < b. If | f'|* is a n—convex function on [a,b], with ¢ = p/ (p + 1) for some
fixed p > 1, then the following inequality for Riemann Liouville fractional inte-
gral holds

V@;ﬂ@_%i;gggﬁ@+a&ﬁw>

_(b-ar+1) (1— (é)ap>1/p y

- 2l(ap+1) ap+1

1w, (1@ o) L (1) | 30 (81 @) 1 e) )
[( o+ S ) +< 5+ < ) .

Proof. Making A = a, o = (1,0,0,...), and w = 0 in Theorem 5 is obtained
that

i 1
Foan wlb—af] = 5z
1\Qap 1/p
o1 _ \P1/p| — 1 Lo (5)
Fot e [wlb—a)"?| = T(op+1) ( ap+1 ’
therefore
'ﬂwzﬂm,iglg«ggwm+aﬁﬂm»

(b—a)T(a+1) (1-(3)* 1/p><
- 2(ep+1) ap+1

KWP@+"W”WMwa>W+<ﬂ%m+MWWmLMwm>wl

2 8 2 8

The proof is complete. O
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Remark 3. Doing n(x,y) = x — y in Corollary 5.1, is obtained that

_ T+ 1)b-a) (1— (b”’)””x

F(ap+1) ap+1
((f’lq(a) eI (b))”q . (3|f’|‘1 () , \f'rf(b))”q)
8 8 8 8 '

This inequality corresponds for |f'|? as a convex function. In addition, doing
o = 1 one has to

fla)+ f(b) 1 b
‘ 2 - 2(b—a)/a fla)de

- a) (1_(;>p>””x
“Tp+1)\ p+1

14 na 1/q 1\q na 1/q
((fl (a) , 317 <b>) +(3|f| (@) , 1f <b>) >

8 8 8 8

4 Concluding remarks

In the development of the present work have been established some results that
generalize, from the definition of Raina integral fractional operator and the use
of n—convex functions, others previously found for the Riemann-Liouville frac-
tional integral. In particular, those concerning the integral inequality of Hermite
Hadamard.
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