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2 P. DIAZ-NAVARRO

Abstract

In this paper we define two infinite families of graphs called C-§ graphs
and §-graphs and prove that d-graphs satisfy delta conjecture. Also we see
that C-§ graphs family contains the complements of §-graphs. Finally we
give a list of C-§ graphs and the relationship with the minimum semidefi-
nite rank of these graphs.

Keywords: delta conjecture; simple connected graphs; minimum semidefinite
rank; §-graph; C-9 graphs; orthogonal representation.

Resumen

En este articulo definimos dos familias de grafos llamadas C-6 grafos
y d-grafos y se prueba que los d-grafos satisfacen la conjetura delta. Tam-
bién vemos que la familia de los C- grafos contienen los complementos
de los d-grafos. Finalmente damos una lista de C-¢ grafos y la relacién
con el rango minimo semidefinido de estos grafos.

Palabras clave: conjetura delta; grafo simple conexo; rango minimo semidefinido;
d-grafo; C-9 grafo; representacion ortogonal.

Mathematics Subject Classification: 05C50, 05C76, 05C85, 68R05, 65F99,
97K30.

1 Introduction and preliminaries

A graph G consists of a set of vertices V(G) = {1,2,...,n} and a set of
edges F(G), where an edge is defined to be an unordered pair of vertices. The
order of G, denoted |G/, is the cardinality of V' (G). A graph is simple if it has
no multiple edges or loops. The complement of a graph G(V, E) is the graph
G = (V,E), where E consists of all those edges of the complete graph K¢
that are not in £/. We say that two vertices of a graph G are adjacent, denoted
v; ~ vj, if there is an edge {v;, v;} in G. Otherwise we say that the two vertices
v; and v; are non-adjacent and we denote this by v; % v;. Let N(v) denote
the set of vertices that are adjacent to the vertex v and let N[v] = {v} U N(v).
The degree of a vertex v in G, denoted d¢(v), is the cardinality of N(v). We
use §(G) to denote the minimum degree of the vertices in G, whereas A(G) will
denote the maximum degree of the vertices in G. If dg(v) = 1, then v is said to
be a pendant vertex of G.

A subgraph H = (V(H),E(H)) of G = (V, E) is a graph with V(H) C
V(G) and E(H) C E(G). An induced subgraph H of G, denoted G[V(H)], is
a subgraph with V(H) C V(G) and E(H) = {{i,j} € E(G) : 1,5 € V(H)}.
Sometimes we denote the edge {i, 5} as ij.
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ON DELTA-GRAPHS AND DELTA CONJECTURE 3

Two graphs G(V,E) and H(V',E’) are identical denoted G = H, if
V=V,E=FE.

A complete graph is a simple graph in which the vertices are pairwise adja-
cent. Denote by K, the complete graph on n vertices. Complete graph K, are
also called a clique. The clique cover number of a graph G, denoted by cc(G)
is the minimum number of cliques in G needed to cover the vertex set of G. We
will use nG to denote n copies of a graph G. For example, 3K denotes three
isolated vertices K7 while 2K5 is the graph given by two disconnected copies
of K. 2.

A path is a list of distinct vertices in which successive vertices are connected
by edges. A path on n vertices is denoted by F,,. A graph G is said to be con-
nected if there is a path between any two vertices of G. A cycle on n vertices,
denoted by C),, is a path such that the beginning vertex and the end vertex are
the same. A tree is a connected graph with no cycles. A graph G(V, E) is said
to be chordal if it has no induced cycles C),, with n > 4. A component of
a graph G(V, F) is a maximal connected subgraph. A cut vertex is a vertex
whose deletion increases the number of components.

The union G; U G5 of two graphs G1(V1, E) and G2(Va, G2) is the union
of their vertex set and edge set, that is G1 U G2(V, U Vs, E1 U Ey). When V; and
V; are disjoint their union is called disjoint union and denoted G'; U Go.

Further details can be found in [8, 9, 14].

A square matrix A = [a;;] is combinatorially symmetric when a;; = 0
if and only if aj; = 0. We say that G(A) is the graph of a combinatorially
symmetric matrix A = [a;;] if V = {1,2,...,n} and £ = {{i,j} : a;; #
0}. The main diagonal entries of A play no role in determining G. Define
S(G,F) as the set of all n x n matrices that are real symmetric if F = R
or complex Hermitian if F = C whose graph is G. The sets S; (G, F) are
the corresponding subsets of positive semidefinite (psd) matrices. The smallest
possible rank of any matrix A € S(G,F) is the minimum rank of G, denoted
mr(G,F), and the smallest possible rank of any matrix A € S, (G,F) is the
minimum semidefinite rank of G, denoted mr_ (G) or msr(G).

In 1996, the minimum rank among real symmetric matrices with a given
graph was studied by Nylen [27]. It gave rise to the area of minimum rank
problems which led to the study of minimum rank among complex Hermitian
matrices and positive semidefinite matrices associated with a given graph. Many
results can be found, for example, in [1, 19, 23, 24, 27].
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4 P. DIAZ-NAVARRO

During the American Institute of Mathematics workshop of 2006 in Palo
Alto, CA, it was stablished the following conjecture:

Conjecture 1.1. For any graph G and infinite field ¥, mr(G,F) < |G| — §(G)
where §(G) is the minimum degree of G.

It was shown that if 6(G) < 3 or 6(G) > |G|—2 this inequality holds. Also it
can be verified that if |G| < 6 then mr(G, F') < |G| — 6(G). Also it was proven
that any bipartite graph satisfies this conjecture. This conjecture is called the
delta conjecture. If we restrict the study to consider matrices in S (G, ), then
delta conjecture is written as msr(G) < |G| — §(G). Clearly if the conjecture
holds for msr(G) then it also holds for mr(G). Some results on delta conjecture
can be found in [7, 13, 26, 30] but the general problem remains unsolved.

2 The minimum semidefinite rank of a graph

In this section we will establish some definitions and results for the minimum
semidefinite rank (msr) of a graph GG that we will be using in the subsequent
chapters.

A positive definite matrix A is an Hermitian n x n matrix such that
x*Az > 0 for all nonzero x € C". Equivalently, A is a n x n Hermitian
positive definite matrix if and only if all the eigenvalues of A are positive ([20],
p. 250).

A n x n Hermitian matrix A such that z* Az > 0 for all x € C" is said to
be positive semidefinite (psd). Equivalently, A is a n x n Hermitian positive
semidefinite matrix if and only if A has all eigenvalues nonnegative ([20], p
182).

If 7 = {H, v_2>, . ,@} c R™ is a set of column vectors then the matrix
AT A, where A = [ ’u_f v_2> ... v_% ] and AT represents the transpose matrix
of A, is a psd matrix called the Gram matrix of V. Let G(V,E) be a graph
associated with this Gram matrix. Then Vg = {vy,...,v,} correspond to the
set of vectors in 7 and E( % correspond to the nonzero inner products among the

vectors in V. In this case V/ is called an orthogonal representation of G(V, E)
in R™. If such an orthogonal representation exists for G then msr(G) < m.
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ON DELTA-GRAPHS AND DELTA CONJECTURE 5

Some of the most common results about the minimum semidefinite rank of
a graph are the following:

Result 2.1 ([19]). If T is a tree then msr(T') = |T'| — 1.
Result 2.2 ([11]). The cycle Cy, has minimum semidefinite rank n — 2.

Result 2.3 ([11]). If a connected graph G has a pendant vertex v, then msr(G) =
msr(G — v) + 1 where G — v is obtained as an induced subgraph of G by
deleting v.

Result 2.4 ([18]). If G is a connected, chordal graph, then msr(G) = cc(G).

Result 2.5 ([10]). If a graph G(V, E) has a cut vertex, so that G = G1 - G,
then msr(G) = msr(G1) + msr(Ga).

3 -graphs and the delta conjecture

In this section we define a new family of graphs called §-graphs and show that
they satisfy the delta conjecture.

Definition 3.1. Suppose that G = (V, E) with |G| = n > 4 is simple and
connected such that G = (V, E) is also simple and connected. We say that G is
a 0-graph if we can label the vertices of GG in such a way that

(1) the induced graph of the vertices v1, v, v3 in G is either 3K; or Ko LI K7,
and

(2) form > 4, the vertex vy, is adjacent to all the prior vertices vy, va, . . ., Um—1

m .
except for at most {5 — 1J vertices.

Definition 3.2. Suppose that a graph G(V, E) with |G| = n > 4 is simple and
connected such that G = (V, E) is also simple and connected. We say that
G(V,E) is a C-6 graph if G is a J-graph.

In other words, G is a C-¢ graph if we can label the vertices of G in such a
way that

(1) the induced graph of the vertices vy, v2, v3 in G is either K5 or Ps, and

(2) for m > 4, the vertex v,, is adjacent to at most L% — 1J of the prior

vertices v1, U2, ..., Um_1.

Rev.Mate.Teor.Aplic. (ISSN print: 1409-2433; online: 2215-3373) Vol. 25(1): 1-28, Jan—Jun 2018



6 P. DIAZ-NAVARRO

Figure 1: The graphs Cg and the 3-prism.

Example 3.3. The cycle C,,n > 6 is a C-§ graph and its complement is a
d-graph.

Note that we can label the vertices of Cg clockwise vy, vo, U3, V4, U5, Vg (se€
Figure 1). The graph induced by vy, v2,v3 is P3. The vertex vy is adjacent to
a prior vertex which is v3. Also, the vertex vs is adjacent to vertex vy and the
vertex vg is adjacent to two prior vertices v1 and vs. Hence, Cg is C-§ graph.
The 3-prism which is isomorphic to the complement of Cf, is a §-graph.

Lemma 3.4. Let G(V, E) be a 6-graph. Then the induced graph of {vi,v2,vs}

in G denoted by H has an orthogonal representation in RAG)H1 satisfying the
following conditions:

(i) the vectors in the orthogonal representation of H can be chosen with
nonzero coordinates, and

(i) U & Span() for each pair of distinct vertices u,v in H.
Proof. Let G(V, E) be a d-graph. Label the vertices of GG in such a way that the
labeling satisfies the conditions (1) and (2) for d-graphs. Let H be the induced

subgraph in G by {v1,va,v3} C V. Then H is either 3K or Ky Ll K. Since G
and G are simple and connected it follows that

2<AG)<n-2

Let{¥;},7=1,2,...,A(G)+1 be the standard orthonormal basis for RAGH,
Case 1. Suppose the induced graph H of {v1,v2,v3} C V in G is 3K which is
disconnected.
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ON DELTA-GRAPHS AND DELTA CONJECTURE 7

Choose 12_1), v_2>, 74 in RAG)+1 corresponding to vy, vo, vg respectively such
that:
A(G)+1
ﬁ
v1 = Z klﬂ €
j=1
A(G)+1
_)
vy = k27] €
j=1
A(G)+1
%
vy = kgyj €3
j=1

where the scalars k1 j,j = 1,2,...,A(G)+1,and k2 5, s = 1,2,..., A(G) are
chosen not zero from different ﬁeld extensions in the following way:

kg ¢ Q,
k12 & Qk11],

ki3 & Qlk1,1, k12],

k1,A(é)+1 ¢ Q[kl,la k’l,2, R kl,A(é)],
koi & Qlkr1s k2, by AGyp1ls

koo & Qb1 k12, ..o ky A@)11s k2l

sz(@) ¢ Q[kl,la ]ﬁ’g, - 7k1, A(G)+1> ko BEREEE kZ,A(é)fl}'

Now choose
A®G)

kz,A(@)H B4l Z SRLERE
j=1

As a consequence (U1, U'2) = 0.
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8 P. DIAZ-NAVARRO

In order to find a vector 7’3, we need to solve the 2 x (A(G) + 1) system
satisfying

<717 73> =
<727 73> =
in the variables k3,7 = 1,2,... ,A(G) + 1. The homogeneous system has

infinitely many solutions because A(G) + 1 > 3. Reducing the matrix of this
system to echelon form we get

]{5171 k172 k173 . kl,A(é)—H
k?g}l k‘272 ]{32’3 - k27A(6)+1
1 ki2 ki ki a@y+1
ki1 ki1 07 k1,1 ~
]{1271 k272 k‘273 e k2,A(é)+1
1 k1,2 k13 kv a@)+1
ki1 k11 T k1,]1€ .
_ keakip _ k2kis - R0k A@) 11
0 k272 k1,1 2,3 ki1 T kQA(G)‘H k1,1
ka1k12
Leta = kgg—T. Since o # O because ka2 & Q[k11,. .., kl,A(é)H? ko1].

We can get the echelon form of the matrix by multiplying the second row by é

1 k1,2 ki3 k1 a@t1
ki1 k11 c 161,1]C .
1 ko,1k1,3 1 o 2,171 A(G)+1
0 1 E(k2,3 T Tkia ) a(kZ,A(G)Jrl - ki1 )
Since the system has infinitely many solutions, k3 ;,7 = 3,...,A(G) + 1 are

free parameters. We can choose them from different field extensions in the fol-
lowing way,

k373 € Q[kl’l, kl’g, RN kl,A(é)—H’ k271, ey k2,A(§)+1]’

]{?3’4 gé Q[kl,l, k172, cey kLA(é)-i-l’ /€2,1, ey kQ,A(a)-&-l’ ]{:3,1],

k37A@)+1 ¢ Qlki1,k12,. .., kl,A(é)H’ kat,..., kQ,A(é)H? k33,..., k3’A(§)].
Since ks ; — % # 0,7 = 3,...,A(G) + 1, we can choose these param-
eters such that k;;jl and k3o are also nonzero. Therefore we get (71, 73) =
<72, 73} = 0. As aresult 271, @, ﬁ is an orthogonal representation of the in-
duced graph H = 3K satisfying conditions (i) and (ii).
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ON DELTA-GRAPHS AND DELTA CONJECTURE 9

Case 2. Suppose the induced graph H is Ko Ll Kj. Let us assume v; % vo,
(%) 76 V3, and V1 ~ V3.

The vectors 71 and 72 for the vertices v; and vy respectively can be chosen
in the same way as in case 1 to get (71, 72> = 0. In order to find a vector

@ = k3716_1> + k‘3’26’_2> + k37A(§)+1?A(§)+1 c RS+ with nonzero
components for the vertex vz we know that the vector 73 should satisfy the
system

<U_>17U—3>> = g1, g1 #O
v3, 73

in the variables k3 j,7 = 1,2,..., A(G) + 1 because v; ~ v3 and va % v3in G.
Therefore, rewriting the system in the form

kiaksy + kioksa + -+ Ky A@)11Fs a@) 41 = 915 )
k2,1k3,l + k2,2k372 +--+ k27A(6)+1k37A(é)+1 =0 (2)

the augmented matrix of the non-homogeneous system becomes

+1 | o
k271 k‘272 k?gyg kQ,A(é)-‘,—l ‘ 0

kii k2 kg oo kya

Q

Since A(G) 41 > 3, the system has infinitely many solutions depending on one
or more free parameters if the system is consistent. Since k1,1 iS nonzero, we
can divide the first row by k11 to obtain

1 ki2 ki3 ki a@y+1 | g1
kix kig 7 ki1 k1,1 ~
k2i ka2 k23 ... koA | O
1 k1,2 k1,3 ki a@)+1 ’ g1
ki1 ki1 T klkl k11
0 k _ ki2kon k _ ki,3ken ke e L,A@G)+1k2.1 ’ _gikan
2,2 k1,1 2,3 k1,1 T M2,A(G)+H1 k11 k1,1

and since koo & Qlk1 2, k2.1, k11], k22 — % # 0. Hence we obtain the

echelon form of the matrix dividing by @ = kg o — =2=2%
1 k1,2 k1,3 ki a@)ta | g1
ki1 ki1 T k1,1k N k1,1
1 k1,3k2 1 1 o 1L,A(G)+172,1 g1ka 1
O 1 a(k2,3 - kl,l ) et a(kQ,A(G)+1 - kl,l ) ’ - akly]_
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10 P. DIAZ-NAVARRO

Choose k33 # 0,k34 # 0,..., kg AG)+1 # 0 one by one from different field

extensions Q[vs], .. ., Q[VA(G)H] such that Q[v;],7 = 3,..., A(G) + 1 is not
a field extension in the lattice

L(kl,l) ceey kLA(é)_A,_p k?,la ceey klA(é).‘.lv V3, V4 - - ,%’—1)-

Therefore, since g; must not be zero, we can choose g; € R in such a way that
g1 does not belong to any of the prior field extensions used so far and satisfy

—g1ka1
aky
1 k1 3k2 1 ki a@)+1R21
- a((k2,3_ L )k373+~‘+(k2,A(é)+1_T)k3,A(§)+1 #0

which implies

—k k1 3k
g F o ((’fz,s — ks 4+ (ky Ay

o k1,A(§)+1k2,1

k1,1 )k3,A(é)+1) .

3)

Also

g1 k12 k13 kv a@)+1
g1 2 3. e LAGHL 0
k11 <k1,1 32+ k11 3t k11 sa@+1 | 7

which implies

k12 k13 ki A@)+1
g1 # k11 (mk:m + Eka,:’, +--+ Tk3,A(é)+1 : “)

Thus, choosing ¢g; # 0 satisfying (3) and (4) we get that the system 1 and 2
is consistent and at least one of its solutions satisfies the adjacency condition
and the orthogonal condition for U'5. Also, none of the coordinates of the vec-

tors v_f, v_ﬁ, % e RA(+! are zero. Therefore {71, 72, 73} is an orthogonal

representation in RA@H! for the induced graph H = K, U K satisfying con-

dition (i). Note that if U3 = a¥'1,a € R then k31 = aki1 and kg A@)+1 =

k3,A(é)+1
k1,A(E)+1

2
2L and a =

aky AG)+1 which implies that a = o

. As a consequence

k .
k37A(@)+1 = %kl,A(@)H' Hence k37A(@)+1 € Qlk11, k3.1, kl,A(@)H] which

is a contradiction because k3 A@G)+1 Was chosen from a different field exten-
sion. Hence, 75 and 71 are linearly independent and the vectors 71, 72, 73

are pairwise linearly independent satisfying condition (ii). m
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ON DELTA-GRAPHS AND DELTA CONJECTURE 11

Theorem 3.5. Let G(V, E) be a §-graph then

msr(G) < A(G) + 1= |G| - 4(G).

Proof. Let G(V, E) be a ¢ graph. Let Y3({v1, v2, v3}, Ey; ) be the graph induced
by the vertices v1, v2, and v3 which is either 3K or Ko Ul K;. By Lemma 3.4,

Y3 has an orthogonal representation in RA@)+1,
Also, from Lemma 3.4 we have

(1) The components of vectors in the orthogonal representation of Y3 are all
nonzero.

(2) ¥ & Span(W) for each pair of distinct vertices u, v in V.
From the definition of d-graph we have

(3) G(V, E) can be constructed starting with Y3(Vy,, Ey,) and adding one
vertex at a time such that the newly added vertex v,,,, m > 4 is adjacent to

all prior vertices vy, va, . . ., Uy—1 €xcept for at most LE — lJ vertices.
Applying condition (3) we get a sequence of subgraphs Y3, Ya, ..., Y, ..., Y|qg
in G induced by {vy, v, vs}, {v1,v2,v3,v4},. .., {v1,v2, V3,04, ..., 0m}, ...,
{v1,v2,v3,v4, ..., 0|} respectively.

We will prove that Y; = (V;, Ej) has an orthogonal representation in RAG)+1
for all j = 3,4,...,|G|, satisfying conditions (1) and (2) above. For that pur-
pose, consider the orthogonal representation of Y3 satisfying conditions (i) and

(ii) given by Lemma 3.4.

0 = kel + kg€ 4+ kl,A(é)-H?A(é)—s—l’
U_2> = /€2,1€_1> + l€2,2€_2> +- 4+ k27A(§)+1?A(§)+1;
U_3> = k‘3,1€_1> + k‘3,26’_2> + -+ /~€37A(§)+1?A(§)+1,

where all k; j,5 = 1,2,...,A(G) + 1,i = 1,2, 3, are nonzero and are chosen
from different field extensions as in the proof of Lemma 3.4. Let v4 be a vertex of
G such that vy is adjacent to all of vy, v2, v3 except at most |5 — 1| = 1 vertex.
Since G and G are simple and connected 2 < A(G) and therefore A(G)+1 > 3.

Since a d-graph has at least four vertices we make induction over the or-
thogonal representation of the induced subgraphs obtained from the orthogonal
representation of the induced subgraph of three vertices v, va, v2 of G by adding
one vertex at a time. In consecuence, we first prove that a the induced subgraph

Yy induced by {v1, ve, v3,v4} has an orthogonal representation in RA@H! 15
do this we prove the following claim.
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12 P. DIAZ-NAVARRO

Claim 3.6. Y} induced by {v1,va,vs,v4} has an orthogonal representation in

RA@)"H satisfying conditions (1) and (2) above.

Proof of claim. We know that

dz(vs) < AG) < A@G) +1.

Since Vy, = {v1, v2, v3} from Lemma 3.4 we have an orthogonal representation

for the induced subgraph of Vy; of G in RAGH satisfying conditions (1) and
(2). We need to find a vector 4 for the vertex v4 where

Ui =yl +kapes 4o+ k4,A(§)+1?A(§)+1’

satisfying conditions (1) and (2). Since v, is adjacent with all prior vertices
except for at most one of them we have four cases:

1. vy is only adjacent to vy, v2 and vg in G.
2. vy is only adjacent to v and v3 in G.
3. w4 is only adjacent to v; and v3 in G.
4. vy is only adjacent to v9 and vs in G.

Case 1. v4 ~ v1,04 ~ Vg,v4 ~v3inG.

Choose k4 j,j = 1,...,A(G) + 1 as follows:

k4,1 = 74,1 does not belong to any of the field extensions in the lattice of
fields L[@[k@j“,
i=1,2,3,7=12,...,A(G)+1.

k42 = 74,2 does not belong to any of the field extensions in the lattice of

field extensions L[Q[k; j, V41,7 =1,2,3,7 =1,2,...,A(G) + 1.

k43 = 74,3 does not belong to any of the field extensions in the lattice of

field extensions L{Q[k; j, v41,71,2]],1 =1,2,3,5 =1,2,...,A(G) + 1.
Continuing the process until &, A@)+1 1O obtain
k, A@)+1 = VLAG)+1 does not belong to any of the field extensions in

the lattice of field extensions L[Q[k; j, V4,1, V4.2, - - -7y A(5)]], 1=1,2,3,

i=1,2...,AG) +1.
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ON DELTA-GRAPHS AND DELTA CONJECTURE 13

Then ky j # Oforall j = 1,2,...,A(G)+1and vj & Span(v}),i =1,2,3. As

a consequence {v7, U3, U4, 04 } is an orthogonal representation of Y at RAGHL

Note that if (74, ¥'1) = 0 then we can solve this equation for ky @41 Which
implies that k4,A(§)+1 S L[Q[ki,j,")/471,’y472, R ’74,A(5)H’i = 1,2,3,
j =1,2,...,A(G) + 1 which is a contradiction. Therefore, (74, U'1) # 0.
In the same way we can prove that (74, ¥'2) # 0 and (U4, U'3) # 0.

Case 2. v4 ~ v1,04 ~ V2,04 # v inG.

Since vy ~ v1 and v4 ~ v9 and v4 £ v3 then

(i, v1) = ga1, ga1 #0,
(V3,05) = gao, gaz #0,
(vi,5) = 0.

From these conditions the system S in the variables k4 j,j = 1,2,..., A(G)+1
becomes,

kiakay + Figkag + -+ Rk a@iFaa@er = 941,941 7 0,
koikay +kopkao + -+ ks x@iFan@r = 942942 70,
kaikay +ksokao + - ks a@Fiage = O

where k; ;,1 =1,2,3,7 =1,2,...,A(G) + 1 were chosen from different field
extensions as in the proof of Lemma 3.4. Since

dg(vs) < A@G) < A@) + 1,

in G, the number of equations from the orthogonal conditions in the systems are
at most A(G) < A(G)+ 1, which means that if the non-homogeneous system is
consistent then the system will have infinitely many solutions because the system

will have at least one free variable. The augmented matrix of the system becomes

ki ke oo Ejagyer |o9an
kei k22 oo Roagyyr o942

where g41 # 0, g4,2 # 0 are nonzero real numbers.

In order to guarantee that all adjacency conditions are satisfied consider the
matrix 3 X (A(G) + 3) below in the variables k4 1, k42, ..., k‘47A(@)+1, —0g4.1,
—ga,2. It is possible to consider —g4 1 and —g4 2 as variables because we only
need them to be nonzero. So we can consider them as two additional variables

of the homogeneous system Sy which has the following augmented matrix:
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14 P. DIAZ-NAVARRO

kig ki kiager 10
k:2’1 kj272 e kQ,A(é)+1 0 1
Multiplying the first row by ﬁ, k11 # 0 we get
k1,2 k‘1,A(6)+1 1
1 m e 7]61,1 kl,l O
k3 k3o ksn@+ 0 0

Multiplying the first row by —ko 1 and adding the result to the second row and
multiplying the first row by —£3 1 and adding to the third row we get

k1,2 k1,A(§>+1 1
1 Fix L. 7k17’1€ . il 0
k1,2k2 1 . 1,A(G)+172,1 ko1
0 k2’2 " kia o ksz(G)-i-l B ki1 T 1
k1,2k3.1 - ki a@y1ksn
O k3’2 - 7]6171 PR k?),A(G)-f—l - kl,l O 0

Let v = koo — kl,flkf’l. Since koo & Qk1.1, k1.2, k2,1] by construction, o # 0
and we can continue reducing the matrix to echelon form. Then multiplying the
second row by % we obtain

1 k1,2 k1,3 kl,A(§)+1 1 0
k1,1 k1,1 k1,1 k1,1
i(k _

0 1 l(l{? _ klwakz‘l) a 2,A(G)i1 . _ k2n 1
o 2,3 k11 _ "1,a@)+1 2»1) aky 1 o

k1,1
0 k ki,2k3 1 k k1,3k3,1 ks,A(5)+1 0 0

327 . 337 i, NN
k1,1

Let 8 = k3o — kll’ikf’l . Multiplying the second row by — 3 and adding the result
to the third row we get

T k1,3 ki a@)+1 1 0
k1,1 k1,1 T k1,1 k1,1
k1.3k & (ky A(G)+1 %
0 1 l(k _ k13 2,1) @ % T k _ k21 1
o (k23 k11 _ FLa@+1 2~1) aki a ’

k1,1 X ko 18
- —k3,1 2,1 =B

0 0 P3,3 P3 AG)+1 F11 k11 P

_ kisksy B _ _ _
where p3 3 = k33 — ki1 (ka3 ki )0 P3AG)+1 T k3,A(G)+1 -
k

Ty+1k3,1 LA WNc TRLR! .
LAG)+173, LAG)+172,

A &(klA(@)H — T) Note that p33 # 0, otherwise
k3,3 belongs to a field extension of the lattice L[Q[k11, ...,k A@)+1 R 1

k, A@)+1° k3 1, k3 2]] which is a contradiction with the definition of k3 3.

_ k1,3k2,1)
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ON DELTA-GRAPHS AND DELTA CONJECTURE 15

Thus, multiplying the third row by /):%3 we obtain the echelon form of the

homogeneous system

1 k12 k1,3 k1,4 kl,A(§)+1 1 0
k1,1 k1,1 k11 T L k1,1 k1,1
1 1 1 _
0 1 o (k2,3 o (k24 o (ko a@)41 ko 1
_ k1,31€2,1) _ k1,4k2,1) _ kLA(a)Jrlkz,l) T aktq P
k1,1 k1,1 k11
P ol _
0 0 1 A T ¢ e

: = —k
where all the values p3 j # 0,7 = 4,...,A(G) + 1 as well as ( = p3,32’1111 +
k215 and —P_ are nonzero. Then we can choose values kag,... Kk, AG)+10

p3,30k1 1 £3,30
94,1, ga,2 nonzero and chosen one by one from different field extensions not in

the lattice

L[Q[/ﬁ’ﬂ, s 7@[’£1,A(§)+1]7 @[kQ,l]v s 7Q[k2,A(§)+1]7 @[k&,l]v s 7Q[k3,A(§)+1]

in the following way.
kia & Qlkijl,i=1,2,3,7=1,...,A(G) + 1,
k‘473 g QU{J@',]‘, k4,4],i =1, 2, 3,] = 1, ey A(é) +1,
kyniyin & Qleig kaas - kyahi=1,23,7=1,...,AG) + 1,
94,1 ¢ Q[ki7j,k474, ey k4,A(§)+1Li = 1,2,3,j =1,.. ,A(é) +1,

94,2 ¢ Q[ki,jv k4,47 L) k4’A(E)+1’g4,1]7i = 17 27 3a.] = 1a ) A(G) + 1’

Therefore k4 3, k42, and k4 1 become

p3,aka4 P3a@+1Fan@+r | kspgan  ke1Bgan
P33 P3,3 p3ski1  pszaki;
Bga2
p3,3¢¢
1 k13ka1 1 ki a@)+1k21
k = —(Z(koa— 22" VNkga—---—(=(k — )
4,2 (a( 2,3 kl,l )) 4,3 (a( 2,A(G)+1 kl,l ))
k21941 942
k, . ) ) it
4LAG)+1 T by o
kiy = kigksp k1 a@+1F,0@) 1 941
’ k11 k11 k11

Note that k4 1 depends on k42 and k4 3. Similarly k4 2 depends on k4 3. There-
fore we should choose k4 3 first and then back substitute. But k4 3 depends on
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16 P. DIAZ-NAVARRO

94,1 and g4 o which are free variables with the restriction that they cannot be zero.
Thus, we can choose g4 1 in a field extension not in the lattice of

Q[kl,la ey kl,A(é)+1’ k271, sy kQ}A(é)Jrl, lﬂ371, ey k3,A(§)+1’ k474, sy k4,A(§)+1]
and g4 2 in some field extension not in the lattice of
Qlkra, ..., k1,A(§)+1a LR PR kQ,A(é)-Hv LERPRRR k3,A(E)+17 kaa,..., k4,A(§)+1’ 9a,1]

in such a way that k4 3, k4 2 and k4 1 are nonzero.

As a consequence, the system S is consistent and there exist a solution of
values kg j # 0, j = 1,2,...,A(G) + 1 chosen from different field extensions
such that the vector vj satisfies all adjacency conditions and orthogonal condi-
tions with the vectors ﬁ, 172, U_§ Then the vector ﬁ = ZjA:(f)H ky, je_} satisfies
conditions (1) and (2) and therefore {v_f, V3,03, ﬁ} is an orthogonal represen-
tation of Y} in RAG)+T
Case 3. wvg ~v1,v4 A vg,v4 ~v3inG.

From the adjacency conditions vy ~ wv;,v4 ~ v3 and orthogonal condition
vy 7 vg we get the equations:

u1,04) = ga1,941 #0,
<@7 U_4>> = 07
v3,08) = 942,942 7 0.

Interchanging the second and third equations we get a system S similar to case
2. Since all the scalars k; j,i = 1,2,3,5 = 1,2,...,A(G) + 1 are not zero
and were chosen from different field extensions the same reasoning as in case 2
applies and the conclusion holds for case 3.
Case 4. vy oL vy, vq ~ vg,04 ~ v3inG.

From the adjacency conditions v4 ~ v2,v4 ~ w3 and orthogonal condition
Vg4 7% v1 we get the equations:

<H7 U_4>> = 07
(V3,05) = ga2,942 # 0,
(v3,01) = ga3,943 #O.

Interchanging the first and the third equations we get a system S similar to case
2. Since all the scalars k; j,i = 1,2,3,7 = 1,2,...,A(G) + 1 are not zero
and were chosen from different field extensions the same reasoning as in case 2
applies and the conclusion holds for case 4.

As a consequence, in all of the cases we get an orthogonal representation for
Y, in RAG)+ satisfying the conditions (1) and (2). This completes of the proof
of the claim 3.6. [
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ON DELTA-GRAPHS AND DELTA CONJECTURE 17

Assume that forany Y,,_1 = (Vy,, ,, By, ,), W, , ={v1,v2,...,Um—1}

(6)'1'1‘ L

it is possible to get an orthogonal representation of Y,,_; in RA et

71, 72, cen 7m71 be of the form

A(G)+1

_>
Ti= ) kij e,
j=1

satisfying conditions (1) and (2) where k;; # O for all i = 1,2,...,m,
j=1,2,...,A(G) + 1, chosen from different field extensions.
We need to prove that if v, is adjoined to Y;,_; to get Y}, such that v,, is

adjacent to all prior vertices except at most L% — IJ vertices then Y, has an

orthogonal representation of vectors V1, Ta,..., Um in RAG)H! satisfying
conditions (1) and (2). Assume that v,,, has an associated vector 7m such that

— — —
7771 == km,lel + km72€2 + cte + km,A(é)—Q—l € A(§)+1
The vertex v, is adjacent to all prior vertices vy, va, ..., Uy,—1 €Xxcept at most
t < L% — 1J vertices in G. Then we see that ¥, satisfies at least m — 1 — ¢
adjacency conditions and ¢ orthogonal conditions.

Let p be a permutation of (1,2,...,m — 1). Suppose Up(1)s Vp(2)s -+ - »
Up(m—1—t) are adjacent to vy, and Vp(m—t), UVp(m—t41)s - - - s Up(m—2)s Up(m—1) are
not adjacent to wv,,. The vectors 7p(1), p(2)s s Upm—1-t)s U p(m—t)»

ﬁp(m_ﬂ_l), ce 7p(m_1) and 7m satisfy the system S given by:

<7p(1)a7m> = gm,1, gm,l#oa
<7p(2)a7m> = 9m2; gm,Q#Oa

<7p(m717t)7 7m> = 9mm—1-t; mm—1-t #0,
<7p(m7t)7 7’m> = 07
<7p(m7t+1)7 7m> - 07

<7p(m—1)77m> = 0,

containing m — 1 — t equations from the adjacency conditions and ¢ equations
from the orthogonal conditions.
Since the vector 7p(i),i =1,2,...,m — 1 has the form

— — —
7p(i) = Koy €1 T Ko 2 €2+ TR A@)+1 € AG)+1 ®)
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18 P. DIAZ-NAVARRO

where all k) ;i = 1,2,...,m — 1,5 = 1,2,...,A(G) + 1 are not zero and
chosen from different field extensions, the system S has the form:

ko) ikm1 + ko) 2km2 + -+ K0y a@11kma@+1 = gma
kp(2),1km,1 + kp(2),2km,2 + -+ kp(2),A(5)+1km,A(é)+l = gm,2
kp(m—l—t),lkm,l + kp(m—l—t),ka,Q + -+ k‘:p(mflft),A(é)Jrl km,A(6)+1 = 9mm—1-t
Eom—1),1km1 + Kotm—) 2km2 + -+ k) a@1Fma@er = 0
kotm—rtt1),1km1 + kpm—t41) 2km2 + -+ Konsiiy a@v1kma@ = 0
kotm-1)1km1 + Epm-1)2km2 + -+ K,y a@s1Fma@ = 0

where g1 # 0,9m2 # 0, ..., gmm—1—t 7 0. SINCE G 1, Gm,2, - - - » Gmm—1—t
could be any nonzero real numbers satisfying the adjacency conditions we can
consider them as additional m — 1 — ¢ variables under the restriction that they
cannot be zero. Therefore we can consider a homogeneous system Sy of m — 1

equations in m — t + A(G) variables k7", k', . . ., kﬁ(é)ﬂ’ —Gm,1, —9m,2,
.oy —9m,m—1—t. Now, by hypothesis ¢t < L% — J Since t < dg(v) <

A(G) < A(G) + 1 the homogeneous system Sy contains at least one more
variable than the number of equations. Hence the system Sy given by

kpy.ikm1 + ko) 2kma + - + K1) a@)11Kma@+1 T (—9m.1)
ko), 1km1 4 kp2) 2km2 + - + kp(z),A(§)+1knL,A(§)+1 +(=gmz2) =

kotm—1—t),15m,1 + Kkpem—1—4),2km2 + ...

K pm—1-1),A@) +1Fm,a@)+1 T (ZImm—1-t)

koim—t+),1km,1 + kpm—t),2km2 + -+ Kynp a@+18ma@+1 =
Kpm—t41)1km1 + Kpm—t4)2kme + -+ k0 a@s1Fma@sr = 0

ko(m—1),1km,1 + Epm—1),2km2 + -+ K1) a@41Fma@+1 = 0

has infinitely many solutions. Therefore, it is enough to show that there exist at
least one solution for S satisfying the condition that none of the k. 1, k2, . - -,
km,A(é)H’ Im,1s- -+ Gm,m—1—¢ are Zero.

This implies that the system S has a solution which satisfies all adjacency
conditions, all orthogonal conditions, and conditions (1) and (2). For that pur-

pose consider the (m — 1) x (m —t + A(G)) matrix A of the homogeneous
system given on the next page.
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ON DELTA-GRAPHS AND DELTA CONJECTURE 19

Let 7 = (=Gm,1,—9m2,---» —gmm,l,t)T. We consider the two cases

wherem —1 < A(G) +landm — 1> A(G) + 1.

Case 1. m —1 < A(G) + 1 In this case the number of equations in the

non-homogeneous system .S is at most the number of unknowns ky, 1, km 2, . . .,
k

m,A(G)+1°
A=
Kp(1),1 p(1),2 koys - kyya@+r 110 ... 000
]’Cp(g)J kp(g)yg k'p(g),g . kp(2),A(§)+1 | 01 ... 0 0
Ko(s).1 Eo(s),2 ko oo Kyga@ser |00 1
kP(”’L*t*Q)vl kﬂ(m*t*2>12 kP(m*t*2)’3 cee kp(m—t—Q),A(a)-kl | 0 0 0 1
kp(m—t—l)yl kp(m—t—l)ﬂ kp(m—t—l)ﬁ s kp(mftfl),A(E%I*l | 0 0 0 1
Kom-tn Kpom-nz  Kpim-03 -+ Kpmena@ss | 0 0 00
Kom-1a Kpm-n2  Kpn-s - Kpmona@e 1 0 0 0 0 0

Thus A can be row reduced to one of the following two echelon form written in
block form:

L
B = (Bi|Ba)
Tk oo kkk .ooxx ... %[5 0 ... 0 0
O L k.o skok oo kk.oo % | % Og ... 0 0
001 ... %% x | * * d3 0 0
e | : :
= 000 ... T ..o sksk. o k| % % ... Op_o_y 0
000 ... 01 % ..o sk x| % % ... *  Om—1—t
000...001... %% | * * *
U U SR TS S
000...000 ... T ...%x] % % ... * *
1L
B = (Bs|B2)
1 = | 6 0 ... 0 0
0 1 | dg ... 0 0
0 01 | * 03 0 0
| .
0 0 O 1 % | x % Om—t—1 O
0 00 1 ] * Om—t
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20 P. DIAZ-NAVARRO

The matrix Bj is a block of size (m—1) x (A(G)+1) where m—1 < A(G)+1.
The matrix By is a block matrix of size (m — 1) x (m — 1 —¢). Matrix Bz is a
square matrix of size m — 1(= A(G) + 1). In these blocks * denotes a nonzero
entry.

Suppose matrix B is of type I. For each vector Vii=4,5,...,m—1the
entries are found in field extensions which are not in the lattice of the previous
field extensions.

In the block matrix By we have:

s 1
[Ba]1g =01 = R # 0,

k -k —1
Bala = = (= S20222)  £0,

[Balss =03 =1 #£0,a € Qkp),15kp1)2: kp1).3: kp(@),1> Kp(2),2: Kp(2) 3
kp(S),lv kp(3),2> kp(3)73]'

Continuing this process we get that all the entries on the diagonal of B to be
nonzero. So all the rows of By have at least one entry nonzero. Thus,

[BQ?]l = —01"Gm,1 = _klml’l. Choosing g,,,1 not in the lattice generated
by the previous field extensions for k;;,i = 1,2,...,m — 1,

j=1,2,...,A(G) + 1, we get [Ba ¢ ], # 0.

[Bg?]z = 0219m,1 + 029m 2,221 # 0,92 # 0. Then we can choose a
value for g,,, » from a field extension not in the lattice of fields generated by
the previous values &; j,i = 1,2,...,m—1,7 =1,2,...,A(G)+1,9m1
so that [B2 g, # 0.

[Boq]3 = a3.10m.1 + @320m.2 + 03gm.3, @31 # 0,03 # 0. As above we

can choose ¢, 3 # 0 and such that [BQ?]3 # 0 by taking g, 3 neither in

Q[%&?“W] nor in any of the previous field extensions.
Continuing this process and applying similar choices we see that g;, 4, gm 5, - - -
9gm,m—1 can be chosen nonzero. Moreover, matrix B shows that there is at least

one free variable for the solution of ky, ;,7 = 1,2,...,A(G) + 1. All of these
free variables can be chosen in different field extensions such that all other un-
knowns are not zero. Otherwise it is possible to show that the last choice belongs
to the field containing all the previous chosen values which is a contradiction.

Now, suppose that kp, 1, km 2, - ., kmr, 7 < A(G) + 1 can be written in terms
of Kyt - - 7km,A(§+1) as
km,i = O4r—&-lkj1’n,r+l + -+ aA(a)+1km,A(é)+1 + L)Oi(g’m,la gm,2y - - - agm,m—l)7
1=1,2...,r
(6)
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ON DELTA-GRAPHS AND DELTA CONJECTURE 21

where a;y1,...,Q AG)41 are all nonzero and ¢; is a linear combination of
Gm,1s s Gmm—1- AlS0 ©i(gm.1,9m2s- s Gmm—1) # 0,0 =1,2,...,r. Thus,
by choosing values kp, ry1, ..., km7 AG)+1 in different field extensions and sub-
stituting them in 6, we obtain that k,, ; # 0,7 = 1,2,...,r.

As a consequence, the vector 7m exists and all of its entries are nonzero.

If matrix B is of type II we apply same process as in case of type I. Again,
we can obtain the vector v, having all its entries nonzero and g, ; # 0 for
1=1,...,m—1.

Case2. m —1> A(G) +1

In this case the number of equations in the non-homogeneous system .S is

more than the number of unknowns ky, 1, ki 2, . - ., km7 A@G)+1-

We need to analyze three possible subcases where m — 1 — t < A(G) +

ILm—1-t=AG)+1lorm—1—t>4§G)+1.

1. If m —1—t < A(G) + 1 then matrix B has the form

1 = * * | 0 00O0... 00

01 x| * | * 00 0... 00

0 01 x| * | * 00 ... 00

000 1| % oo % | kK % * ok

— - - - — _‘_____ - —
B=1]10200 0 | 1 oo | % ..o % ok ok L. ok %

Do | . \

000 0] 0 ... x|

00O0...0 | O0... 1]

00O0...0 ]| O0... 0f

000 0| 0 ... 0] = ok % * %

p_( B B2 B3\
By Bs DBsg

The matrix B is a square matrix (m — 1 —¢) x (m — 1 — t), matrix By
has size (m — 1 —t) x (A(G) + 2+t —m), matrix Bs is a square matrix
of size m — 1 — t. Matrix By is a zero matrix of size ¢t x m — 1 — t. The
central blocks By, B; form a block of size (m — 1) x (A(G) +2+t—m)
and corresponds to the columns of free variables kp, y—¢, . - ., km’ A@)+1

of the system S. The block Bg has size t x (m —1 —t).
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Consider the block matrix (Bs Bg) of size t x (A(G) 4 1). Recalling that
the value ¢ is the number of orthogonal conditions for v,, in G which is
equivalent to dg(vm) we gett < A(G) < A(G) + 1. As a consequence,
the homogeneous system (Bj Bg) W = 0 where W is a vector of size
(A(G) + 1) x 1 in the variables Ky m—t, . - - K a@) 10 (9ma)s -
(—9m,m—1—t), has infinitely many solutions depending on at least one free
variable. Choosing these free variables in different field extensions as we
did previously, we get nonzero values for &y, ¢, . - ., km’ A@G)+17 Im,1,
- gm,m—1—t. We get the values of the remaining unknowns k,, ;,7 =

1,2,...,m — 1 — t of the system .S applying back substitution.

Since all the entries with * in the block B; are nonzero and belong to
different field extensions, the values k,, ;,¢ = 1,2,...,m — 1 — t are also
nonzero.

As a consequence, the non-homogeneous system S is consistent and the
vector v,, with no zero entries exists.

. If m—1—1t= A(G) + 1 then the matrix B has the form

Bi | B
B = - -
0 | R

1 % = * | &6 0 0 0 O 0 0

01 * | = 92 0 0 O 0 0

0 0 1 * x| 03 0 0 0 0

Do | :
00 0 . 1 x| % ok ok 0 0
= 00 0 . 0 x| * k% Om—t—2 0
00 0. 0 1] = x % % * Om—1—t

_ _ | o _ _

0 0 0 0 | 1 * ok ok * *

0 00 0 0] O 1 x = * *

In this case the matrices B; and By are square matrices of size
m—1—1t = (A(G) + 1). The matrix R has size t x m — 1 — ¢. Since
t < |% —1] we get that 2t < m — 2 < m — 1 which implies that

t<m-—1-—t.

Therefore the system R? = 0 has infinitely many solutions with
m — 1 — 2t free variables. Taking the free variables from different field
extensions we get all the values g, 1, . .., gm,m—1—¢ nonzero. Substitut-
ing gm.1,---,9m,m—1—¢ in the equations of the system Bg? = 0 we get
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ON DELTA-GRAPHS AND DELTA CONJECTURE 23

[327]1 # 0forall i = 1,...,m — 1 — t. Otherwise, it is possible
to show that the last choice belongs to the field containing all previous
chosen values which is a contradiction. This implies that k,, AG)+1 =

[BQ?]m,l,t # 0 from the last row of (B B3).

Applying back substitution and similar argument with g, 1, . . ., gm,m—1—¢
we conclude that £, 1, . . ., km7 A(G) are also nonzero. Thus the system S
has a solution with nonzero values for the unknowns. As a consequence
there exists a vector ¥, satisfying all the adjacency conditions and or-
thogonal conditions.

3. m—1—t> A(G) + 1 then matrix B has the form

By | B
B = - -
0 | R
1« | 000 ..00
01 | 00..00
001 | * 0 0 00
L | =
00 0. 1 x| x Xk ok 00
~looo..o0 « |
000..0 1] = *
- - - - 7| - - - — —
000...0 0|1 kK % * ok
000 0 0] 0 1 % % * %

The matrix B has size (m — 1 —¢) x (A(G) +1+7r),0 < r < t
where m — 1 —t = A(G) + 1 + r. This matrix contains the columns of
the unknowns K, 1,....k A@)+1> (=9m,1),---s(—gmr). The matrix

By has size (m —1—1t) x (A(G) +1). The 0 matrix has size t x (A(G) +

1 + 7). The matrix R has size t x (A(G) + 1).

Since t < A(G) < A(G) + 1 the system R§ = 0 has infinitely many
solutions with at least one free variable. By the same argument as in case
2 we get that the system S is consistent and the solution with nonzero
values for kp, 1,. .., km, AG)+1 gives a vector 7m which satisfies all the
adjacency conditions and orthogonal conditions.
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Hence, Y;, has an orthogonal representation of vectors in RAG+ satisfying
the conditions (1) and (2). Thus Y|g = G has an orthogonal representation in
RAG)+1 satisfying conditions (1) and (2).

Using the same argument in the construction of vector v4, we prove that
v1,..., Uy 1S pairwise linearly independent set of vectors in RAG)H Finally
since msr (@) is the smallest dimension in which G has an orthogonal represen-

tation msr(G) < A(G) + 1. Since 6(G) + A(G) = |G| — 1 we conclude that
G satisfies the delta conjecture, namely, msr(G) < |G| — 6(G). This completes
the proof of the main theorem. m

Observation 3.7. In the construction of orthogonal representation of the in-
duced graph Yy, it is sufficient to consider t < L% — J if m is even and
t < |22 | ifmis odd. In both cases we obtain the condition t < (m—1—t) that
we need to get infinitely many solutions for the system R? = 0. This difference
in the upper bounds for t is important for small values of m but for larger val-
ues of m these upper bounds are asymptotically equivalent. However, it means
that we could get an orthogonal representation of pairwise linearly independent
(G)+1
f

vectors in R® or some graphs which are not necessarily §-graphs.

Observation 3.8. Reducing the matrix A to an echelon form needs a finite num-
ber of operations as well as reducing the matrix R to an echelon form. It means
that all the values k; ;,i = 1,2,...,m — 1,5 = 1,2,...,A(G) + 1 can be
chosen from different field extensions in such a way that all the values * in the

reduced echelon form of A are nonzero and belong to different field extensions.

Observation 3.9. The condition of choosing values k;;,i = 1,2,...,|G],
j=1,2,...,A(G) + 1 from different field extensions was imposed to guarantee
the consistency of the non-homogeneous system S. Also, we use this nonzero
entries of the vectors 71, ..., Um—1 to guarantee the adjacency conditions and
orthogonal conditions of the vector T corresponding to the newly added ver-
tex. But calculating the orthogonal representation using this approach could be

time consuming. Since we know that it is possible to get an orthogonal represen-

tation of §-graph G in RAEH and since the representation is not unique, it may
be possible to calculate the orthogonal representation using integers or rational
numbers. However, calculating the orthogonal representation of a d-graph G
in this way could also be tedious because we may need to apply a backtracking
procedure during the calculation due to some adjacency conditions of the vector
corresponding to the newly added vertex may not be satisfied. When that hap-
pens, we may need to go back to some of the previous vectors and recalculate
them until we fix the adjacency conditions.
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4 Examples of )-graphs and their msr

The result proved above give us a huge family of graph which satisfies delta
conjecture. Since, the complement of a C-delta graphs is a 6-graph, it is enough
to identify a C-d-graph and therefore we know that its complement is a J-graph
satisfying delta conjecture.

Some examples of C-J graphs that we can find in [15] are the Cartesian
Product K,,[1P,,,n > 3,m > 4, Mobiiis Lader M Ly,,n > 3, Supertriangles
Tn,n > 4, Coronas S, o Pp,,n > 2,m > 1 where .S, is a star and P, a path,
Cages like Tutte’s (3,8) cage, Headwood’s (3,6) cage and many others, Blanusa
Snarks of type 1 and 2 with 26, 34, and 42 vértices, Generalized Petersen Graphs
Gpl to Gpl6, and many others.

In order to show the technique used in the proved result consider the follow-
ing example.

Example 4.1. If G is the Robertson’s (4,5)-cage on 19 vertices then it is a 4-
regular C-0 graph. Since A(G) = 4, the msr(G) < 5. To see this is a C-§ graph
it is enough to label its vertices in the way shown in Figure 2.

Figure 2: B.2 Robertson’s (4,5)-cage (19 vertices).

5 Conclusion

The result proved above give us a tool to identify a wide range of families of
graphs which satisfy delta conjecture. The techniques used in the proof could be
used in future research as a new approach to solve delta conjecture. However, it
is clear that the main problem is still open.
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